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Abstract. We use drifted Brownian motion in warped product model 
spaces as comparison constructions to show p-hyperbolicity of a large 
class of submanifolds for p > 2. The condition for p-hyperbolicity is 
expressed in terms of upper support functions for the radial sectional 
curvatures of the ambient space and for the radial convexity of the sub- 
manifold. In the process of showing p-hyperbolicity we also obtain ex- 
plicit lower bounds on the p-capacity of finite annular domains of the 
submanifolds in terms of the drifted 2-capacity of the corresponding 
annuli in the respective comparison spaces. 



1. Introduction 

In ^2] the first named author solved the asymptotic Dirichlet problem 
at infinity for the p-Laplacian in Cartan-Hadamard manifolds of pinched 
negative sectional curvature. As a consequence, such a manifold admits 
a wealth of non-constant bounded p-harmonic functions. On the other 
hand, there are no non-constant positive p-harmonic functions on a complete 
Riemannian manifold with non-negative Ricci curvature; see e.g. The 
purpose of the present paper is to initiate the study of the p-Laplacian and 
the existence of p-harmonic functions of various types on submanifolds. In 
this paper we concentrate on p-hyperbolicity of submanifolds. 

To describe the problem we are dealing with, suppose that S is a Rie- 
mannian submanifold of an ambient Riemannian manifold N. We look for 
the most general intrinsic geometric condition on N and the most general 
extrinsic geometric condition on S which together will assure that S is p- 
hyperbolic. Recall that a Riemannian manifold M is called p-hyperbolic, 
with 1 < p < oo, if there exists a compact set K C M of positive p-capacity 
C&pJK, M) relative to M. Here the p-capacity of K is defined by 



Cap D (K, M) = inf / || Vnf dp, 
u Jm 
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where the infimum is taken over all real- valued functions u G Cq°(M), with 
u > 1 in K. In case p = 2, the p-hyperbolicity of M is equivalent both to the 
existence of a positive Green's kernel for the Laplace-Beltrami operator and 
to the transience of M, (see the works ^5] and 0). Using the particular 
2-capacity condition alluded to above, the two last named authors have ob- 
tained geometric criteria for 2-hyperbolicity of minimal - or close to minimal 
- submanifolds in manifolds with sectional curvatures bounded from above, 
(see P2j and |2Q|). 

In the general case of 1 < p < oo, the p-hyperbolicity of M is known to 
be equivalent to the existence of a (positive) Green's function g = g(-,y) 
for the p-Laplace equation, i.e. a certain positive solution (in the sense of 
distributions) of 



A third equivalent criterion for the p-hyperbolicity of M is the existence of a 
non-constant positive p-supersolution of the p-Laplace equation; see [5] and 
We refer to [Q, ^U], and for further studies on p-hyperbolicity and 
various Liouville-type results and to 20_ for a study of the geometric con- 
ditions which have been previously applied to extend the intrinsic analysis 
of hyperbolicity to the extrinsic analysis which is the main concern of the 
present paper. 

1.1. Outline of the paper. In Section |2] we describe some of the basic 
properties of the p-Laplacian and present the corresponding maximum prin- 
ciple, which will be fundamental for the comparison technique applied in 
this paper. Section |3] is devoted to set up a so-called comparison constel- 
lation, which is essentially molded from curvature restrictions and a model 
space construction. In Section |I] we formulate our main result together with 
three of its corollaries. They are all proved in Sections |H1 El and|HJ A tech- 
nical tool, the drifted 2-capacity of model spaces is defined and analyzed in 
Section [5J Finally, in Section we present an alternative proof of the main 
theorem based directly on finite capacity comparison results. 



Let M be a non-compact Riemannian manifold, with the Riemannian 
metric (-, ■) and the Riemannian volume form dp,. We say that a vector field 
Vfx G L\ (M) is a distributional gradient of a function u G L\ (M) if 



for all compactly supported vector fields V G C^(M). Let W 1 ' P (M), 1 < 
p < oo, be the Sobolev space of all functions u G L P (M) whose distributional 
gradient Vu belongs to L P (M). We equip W ' P (M) with the norm ||xa[|x,» = 
1 1 it ||p + ||Vit||p. The corresponding local space W{-*{M) is defined m an 
obvious manner. The space Wq' p (M) is the closure of C£°(M) in W 1 ' P (M). 

Let 1 < p < oo. A function u G W^(M) is a (weak) solution to the 
p-Laplace equation 



div(||V 5 |r 2 V 5 ) =S y , yeM. 



2. The p-Laplacian 





u div V d[i 



(2.1) 
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in M if 

(2.2) f (||Vn|| p - 2 Vn,V0}d)U = O 

JM 

for all (ft G Cq°(M). If, moreover, ||Vu|| € L P (M), it is equivalent to re- 
quire 

for all G W ' P (M). Continuous solutions of {□} are called 
p -harmonic. Here the continuity assumption makes no restriction since every 
solution of (|2.1|) has a continuous representative by the fundamental work of 
Serrin [21]. In fact, p-harmonic functions have locally Holder-continuous first 
order derivatives by regularity results due to Ural'tseva [2E] and Lewis [Ilj : 
see also DiBenedetto |2j , Evans [S] , Tolksdorf [2^] , and Uhlenbeck j2jj . Fur- 
thermore, if D C M is a precompact open set with C 1,a boundary [a. < 1), 
/i G C 1,a (dD), and u is p-harmonic in D with boundary values /i, then 
u G C 1 '^(l)), with /? = f3(a,p, dim Af), by Lieberman |15j . 
A function it G Wi 'f'(M) is called a p-supersolution in M if 

/ (\\Vu\\ p - 2 Vu,V(j))dp > 

for all non- negative G C^°(M). Similarly, a function u G W^(M) is 
called a p-subsolution in M if 

/ (||Vff" 2 Vw,V</))d/i < 

JM 

for all non-negative (ft G Cq°(M). A fundamental feature of solutions of 
(|2.1|) is the following maximum (or comparison) principle which will be 
instrumental for the comparison technique presented below in Sections 21 
and|SJ If u G W 1,P (M) is a p-supersolution, v G W 1,P (M) is a p-subsolution, 
and max(ii— u, 0) G VFq' p (M), then u > v a.e. in M. In particular, if D C M 
is a precompact open set, u G C(D) is a p-supersolution, u G C(Z?) is a p- 
subsolution, and u > v in <9D, then u > v in D. For the reader's convenience 
we recall the short proof of the comparison principle from 3.18]. The 
proof is based on the following elementary inequality: Let a ^ b denote two 
vectors in a given tangent space T X M and suppose that 1 < p < oo. Then 

(\\a\\ p " 2 a- \\b\\ p ~ 2 b,a-b) > 0. 

Suppose then that u G W 1,P (M) is a p-supersolution and v G W 1,P (M) is a 
p-subsolution such that (ft = max(u — u, 0) G W ' P (M). Since 

0> f (\\Vv\\ p - 2 Vv,V(ft)dp- [ (\\Vu\\ p - 2 Vu,V(ft)dp 

JM JM 

= I (\\Vv\\ p - 2 Vv - \\Vu\\ p - 2 Vu,Vv -Vu)dfi>0, 

J{u<v} 

we have V(ft = a.e. in M as required. 

3. Comparison Constellations 

We assume throughout the paper that S m is a non-compact connected 
complete Riemannian submanifold of a complete Riemannian manifold iV n . 
Furthermore, we assume that N n possesses at least one pole. Recall that a 
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pole is a point o such that the exponential map exp : T Q N n — ► N n is a dif- 
feomorphism. For example, an Hadamard-Cartan manifold has everywhere 
non-positive sectional curvatures and since it is also by definition simply 
connected, every point is a pole. The role of the pole o is precisely to serve 
as the origin of a smooth distance function r from o: For every x G N n \ {o} 
we define r(x) = distAr(o, x), and this distance is realized by the length of 
a unique geodesic from o to x, which is the radial geodesic from o. We also 
denote by r the restriction r\$ : S — > IR+ U {0}. This restriction is called the 
extrinsic distance function from o in S m . The gradients of r in N and S are 
denoted by \7 N r and V s r, respectively. Let us remark that V s 'r(x) is just 
the tangential component in S of V Ar r(x), for all xGS 1 , Then we have the 
following basic relation: 

V ^ r = V s r + {V N r) ± , 
where (V N r)- L (x) is perpendicular to T X S for all x G 5. 

3.1. Curvature restrictions. The sectional curvatures of N along the ra- 
dial geodesies from o are called the o-radial sectional curvatures of N. 

Definition 3.1. Let o be a point in a Riemannian manifold M and let x G 
M\{o}. The sectional curvature Km(o~ x ) of the two-plane a x G T X M is then 
called an o-radial sectional curvature of M at x if o^ contains the tangent 
vector to a minimal geodesic from o to x. We denote these curvatures by 
K 0i m{o- x ). 

The o-radial sectional curvatures of N control the second order behavior of 
r{x) in N via the classical Jacobi field index theory. Indeed, a bound on the 
o-radial sectional curvatures gives a bound on the Hessian of radial functions, 
Hess^ (/(r)), as proved by Greene and Wu Theorem A]; see Theorem 
13.141 below. The submanifold S and the restricted radial functions f(r)\s 
inherit this second order bound to the S-intrinsic Hessian, Hess f(r), and 
therefore also to the Laplacian A s f(r) of such modified distance functions. 

The mean curvatures H$ of S also appear in the Laplacian A s f(r) via 
its radially weighted component, which we define as follows: 

Definition 3.2. The o-radial mean convexity C(x) of S in N, is defined 
in terms of the inner product of H$ with the A^-gradient of the distance 
function r(x) as follows: 

C(x) = -(V N r{x),H s (x)}, xeS, 

where Hs(x) denotes the mean curvature vector of S in N, i.e. the mean 
trace of the second fundamental form a x . With respect to an orthonormal 
basis {Xi, X m } of T X S at x G S we have 

. m 

Hs(x) = -Y j a x {X u X i ). 
i=l 

We will assume, that C(x) is bounded from above by a function h(r{x)) 
which only depends on the distance r from o : 

C(x) < h(r(x)), x G S. 
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Moreover, for p > 2 we shall also need a particular inequality for the 
second fundamental form of S in N in the direction of the gradient V N r(x). 
This gives rise to the following definition: 

Definition 3.3. The o-radial component B{x) of the second fundamental 
form of S in N, is defined in terms of the following inner product: 

B(x) = -(V N r(x),a x (U r ,U r )), 

where 

U r = V s (r(x))/\\V s r(x)\\ E T X S C T X N 
is the unit tangent vector to S in the direction of V r(x) (resp. tacitly 
assumed to be in case V s r(x) = 0). 

We assume that B{x) is bounded from above by a function A(r(x)) which 
only depends on the distance r from o : 

B(x) < A(r(x)). 

Finally, we also impose an upper control on the 'radiality' of the subman- 
ifold, i.e. a local measure of how much the submanifold is extending away 
from the pole o: 

Definition 3.4. The o-radial tangency T(x) of S in N is defined as follows: 

T(x) = ||V 5 r(x)|| 

for all x £ S. 

We assume that this S- gradient of the restricted distance function r\s has 
an upper radial support function g(r) < 1: 

T(x) < g(r(x)). 

Definition 3.5. Given a connected and complete m-dimensional submani- 
fold S rn in a complete Riemannian manifold N n with a pole o, we denote the 
extrinsic metric balls of (sufficiently large) radius R and center o by Dr(o). 
They are defined as any connected component of the intersection 

B R (p) n S = {x e S: r{x) < R}, 

where Br(o) denotes the open geodesic ball of radius R centered at the pole 
o in N n . Using these extrinsic balls we define the o-centered extrinsic annuli 

A p ,r(o) = D R {o) \ D p {o) 

in S m for p < R, where Dr(o) is the component of Br(o) n S containing 
D p {o). 

The upper bounding functions h(r), g(r), and A(r) together with a suit- 
able control on the o-radial sectional curvatures of the ambient space will 
eventually control the p-Laplacian of restricted radial functions on S. In 
particular, we consider potential functions stemming from capacity calcu- 
lations of radially symmetric comparison spaces and transplant them to S 
via the distance function r in N. Such transplantations are then compared 
with the 'correct' potentials on extrinsic metric balls of S. The maximum 
principle for the p-Laplacian then finally gives the comparison result for 
capacities in S. Concerning the general strategy and types of results (in the 
case of p = 2) we refer to [T7]. |22|, and HHJ. 
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We now collect the previous ingredients and formulate the general frame- 
work for our p-hyperbolicity comparison result: 

Definition 3.6. Let N n denote a Riemannian manifold with a pole o and 
distance function r = r[x) = distjv(o, x). Let S m denote a connected com- 
plete submanifold in N n and assume that there is an extrinsic ball D p {6) 
which is precompact with smooth boundary dD p {o) in S m . Let de- 
note a u>-model with warping function w : 7r(M™) — > IR + and center o w ; 
see Definition 13.91 Then the triple {N n , S m , M™} is called a comparison 
constellation on the interval [0, R] if the o-radial sectional curvatures of N 
are bounded from above by the o^-radial sectional curvatures of M™: 

w"(r) 

(3.1) K 0tN (a x ) < ^ 

for all x with r = r(x) E [0, R] and, moreover, the radial tangency T and the 
radial convexity functions B and C of the submanifold S m are all bounded 
from above by smooth radial functions g(r), A(r), and h(r), respectively: 

T(x) < g(r(x)), 

(3.2) B(x) < X(r(x)), and 

C(x) < h(r(x)) for all x e S m with r(x) G [0,12]. 

Remark 3.7. This definition of comparison constellation extends a previous 
definition considered in [20]. In that paper, the triple {N n , S m , M™} is 
called a comparison constellation if inequality 1)3. lj) holds and if in addition 
only the following condition holds in replacement of inequalities ()3.2j) for 
some bounding radial function h(r): 

C(x) < h(r(x)) < W '^ X }} for all x G S m . 
w(r(x)) 



It is proved in |20| that under these conditions S m is 2-hyperbolic if 

G m (r) 



I 

Jo 



w m - l (r) 
where 

Q(r) = exp 



dr < oo, 



( I h{t)dt). 

J D 



3.2. Warped products and model spaces. Warped products are gener- 
alized manifolds of revolution, see e.g. 

EH- Let (B k ,g B ) and (F l ,g F ) denote 
two Riemannian manifolds and let w : B — * R + be a positive real function on 
B. We assume throughout that w is at least C 1 with piecewise continuous 
second order derivatives. We consider the product manifold M k+l = B x F 
and denote the projections onto the factors by ir : M — > B and a: M — » F, 
respectively. The metric g on M is then defined by the following w-modified 
(warped) product metric 

g = tt*(5b) + (w o 7r) 2 a*(g F ). 

Definition 3.8. The Riemannian manifold (M,g) = (B k x F l ,g) is called a 
warped product with warping function w, base manifold B and fiber F. We 
write as follows: M" 1 = B k x„, F l . 
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Definition 3.9 (See jH], [3]). A w— model M™ is a smooth warped product 
with base B 1 = [0, A[cE (where < A < oo), fiber F m ~ l = S™ _1 (i.e. the 
unit (m — l)-sphere with standard metric), and warping function w : [0, A[— > 
R+ U {0}, with w(0) = 0, to'(0) = 1, and iw(r) > for all r > 0. The point 
Otu = 7r _1 (0), where ir denotes the projection onto B , is called the center 
point of the model space. If A = oo, then o w is a pole of M™. 

Proposition 3.10. The simply connected space forms K m (6) of constant 
curvature b are w— models with warping functions 

-^sin(Vbr) if b > 

w(r) = Qb(r) = { r ifb = 

sinh(V _ b r) if b < 0. 

Note that for b > t/ie function Qbir) admits a smooth extension to r = 
ir/Vb. 

Proposition 3.11 (See e.g. 21 j). Lei = x w S™ _1 6e a w-model. 
Let ro and r denote two points in B 1 . Then the geodesic distance from every 
x G 7r _1 (r) to vr _1 (ro) is \r — ro|. 

Proposition 3.12 (See |21j p. 206). Let M™ be a w— model with warping 
function w(r) and center o w . The distance sphere of radius r and center o w 
in M™ is the fiber 7r _1 (r). This distance sphere has the following constant 
mean curvature vector in M™ 



= - Vw (r) V m tt = - Vw (r) V M 
where the mean curvature function rj w (r) is defined by 

Vw{r) = — r-y = -j- log (w r)). 
w[r) dr 

In particular, we have for the constant curvature space forms IfC" 1 ^): 

Vbcot(Vbr) if 6 > 

l/r if 6 = 

-6coth( v / ^6r) if b < . 

The radial curvature in model spaces is given by the following result 

Proposition 3.13 (See [H] and [0]). Let M™ be a w— model with center point 
o w . Then the o w -radial sectional curvatures of M™ at every x G 7r _1 (r) (for 
r > 0) are all identical and determined by 

w"(r) 



r. 



K 0w ,m w (o- x ) 



w(r) 



3.3. Hessian and Laplacian comparison analysis. Concerning the sec- 
ond order analysis of the distance function r we need firstly and foremost 
the Hessian comparison theorem for manifolds with a pole: 

Theorem 3.14 (See 0, Theorem A). Let N = N n be a manifold with a 
pole o, let M = M™ denote a w— model with center o w , and m < n. Suppose 
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that every o-radial sectional curvature at x E N\ {o} is bounded from above 
by the o w -radial sectional curvatures in M™ as follows: 

r, , \ w"(r) 

K 0jN (a x ) < ^ 

w(r) 

for every radial two-plane a x £ T X N at distance r = r(x) = distjv(o, x) from 
o in N . Then the Hessian of the distance function in N satisfies 

Ress N (r(x))(X,X) > Ress M (r{y))(Y, Y) 

(3-3) =7 ]w (r)(l-(V M r(y),Y)l I ) 

= Vw (r){l-(V N r(x),X) 2 N ) 

for every unit vector X in T X N and for every unit vector Y in T y M with 
r(y) = r(x) = r and {V M r(y),Y) M = (V N r(x),X) N . 

Remark 3.15. In 5., Theorem A, p. 19], the Hessian of tm is less or equal to 
the Hessian of r^ provided that the radial curvatures of N are bounded from 
above by the radial curvatures of M and provided that dimM > dimiV. 
This latter dimension condition is not satisfied in our setting. However, 
since (M m ,g) is a w— model space it has an n— dimensional w— model space 
companion with the same radial curvatures and the same Hessian of radial 
functions as (M m ,g). In effect, therefore, applying 5, Theorem A, p. 19] to 
the high-dimensional comparison space gives the low-dimensional compari- 
son inequality as stated. 

If [i: N — > M denotes a smooth function on the ambient space N, then 
the restriction jl = w is a smooth function on the submanifold S and the 
respective Hessian tensors, Hess Ar (//) and Hess 5 ^//), are related as follows: 

Proposition 3.16 ([T5]). 

(3.4) Hess s (/i)(A,y) = Ress N (fx)(X,Y) + (V N (fJ,),a x (X,Y)) 

for all tangent vectors X, Y £ T x S m C T x N n , where a x is the second fun- 
damental form of S at x in N. 

If we compose [i with a smooth function /: R — > R we then get: 

Corollary 3.17 ([T3]). 

Hess 5 (/ o p) (X, X) = f" ( M ) ( V N ( M ) , X ) 2 
+/'(/x)(Hess JV (/,)(A, X) + (V N ^),a x (X,X))) 
for all X e T x S m . 

Combining the estimate ()3.3jl with Corollarv l3.17l and tracing the resulting 
Hessian comparison statement in an orthonormal basis of T x S m , we obtain 
the following instrumental inequality for the Laplacian of (extrinsic) radial 
functions restricted to the submanifold S: 

Proposition 3.18. Suppose that the assumptions of Theorem \3. 1J\ are sat- 
isfied. Then we have for every smooth real-valued function for with f > 
the following inequality for the standard Laplacian: 

A S (/or) > (f"(r) - f'(r) Vw (r)) \\V s r\\ 2 + mf'(r) ( Vw (r) + (V N r,H s )) , 

where Hg denoted the mean curvature vector of S in N . 
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4. Main results 

Applying the notion of a comparison constellation as defined in the previ- 
ous section, we now formulate our main p-hyperbolicity result. The proofs 
are developed through the following sections. 

Theorem 4.1. Consider a comparison constellation {N n ,S m ,M™} on the 
interval [0, oof. Assume further that the functions h{r) and A(r) are bal- 
anced with respect to the warping function w(r) by the following inequality: 

(4.1) M(r) ■= (m + p — 2) T} w (r) - m h{r) — (p — 2)A(r) > 0. 
Let A(r) denote the function 

Suppose finally that p > 2 and that 

(4.2) lim / A(t) dt < oo. 

Then S rn is p-hyperbolic. 

We observe the following corollaries; they will be proved in Section |HJ 

Corollary 4.2. Suppose (in Theorem \4-l\ ) that we can choose w(r) = 
Qb( r ) = sinh(V — b r) / yf—h for some b < 0, i.e. we apply the negatively 
curved space form K m (6) to play the role of a model space in the comparison 
constellation. Suppose that there exist constants Ao and ho such that 

B(x) < Ao and 

C(x) < h for all x 6 S m . 

Suppose further that for some p > 2 we have 

(4.3) mho + (p-2)X < (m-l)V^b. 

Then S m is p-hyperbolic for all p in the range 2 < p < p. 

Corollary 4.3. Consider a purely intrinsic setting and comparison constel- 
lation: S n = N n = M™. Then S n is p-hyperbolic if and only if 

,oc 1 

/ dr < oo. 

This observation is originally due to M. Troyanov, see |26[ Corollary 5.4]. 

Corollary 4.4. Let (M m ,g) denote a complete manifold with intrinsic con- 
centric metric balls B r (o) centered at o £ M . Suppose that for some p > 2 
and for some p > we have 

f°° 1 

(4.4) / — dr = oo, 

Jp Yol{dB r (o))~ 

and suppose that there are constants Ao > and b < so that 

(4.5) (p - 2)A < (m - 1) y/-b. 
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Then (M, g) does not admit a minimal isometric immersion with bounded 
second fundamental form \\a\\ < \q into any Hadamard-Cartan manifold 
N n , n > m, with sectional curvatures bounded from above by b. 

Proof. Condition (j4,4j) implies that the manifold (M m ,g) is p-parabolic 
according to 26, Corollary 5.4], whereas the condition (|4.5|) implies p- 
hyperbolicity of (M m ,g) according to Corollary 14.21 of the present work 
- upon observing that C{x) = by the minimality assumption and that 
< Ao implies B(x) < Ao • 

□ 

5. Drifted 2-capacity of model spaces 

Definition 5.1. Let (M,g) denote a Riemannian manifold with Laplace 
operator A , and let V denote a continuous vector field on M. The drifted 
Brownian motion on M with the drift vector field V is then generated by 
the modified Laplacian L 

Lf = A M f + (V M f,V) 
for every smooth function / on M. 

We consider, in particular, the drift vector field 

V = V(r)V M r 

with 

M(r) 
(p-l)g 2 (r) 

on model spaces M = M™, so that the modified Laplacian then reads as 

LV(ar) = A M %b(x) + ^ (r(x))V{r(x)) 

for smooth functions ij; on M™. For purely radial functions if}(r) we get 

Lemma 5.2. Let ip = tp(r) denote a function on the w-model space M = 
M™ which only depends on the radial distance r to the center o w . Then 

L^(r) = ip"{r)+il>'(r) (- — M ^\ ( z - Vw(r, 

\{p- i)r(r) 

The Dirichlet problem associated to L defined on so-called extrinsic annuli 
is defined as follows: 

First, the annular domains in the model space are denoted by 

A% R = {x <E M n w . tt(x) G [ P ,R]} = ir-H\p,R]), 

and the corresponding boundaries are denoted by dD™ = TT~ l {p) and dD 1 ^ = 
7r _1 (i?), respectively. We consider the unique radial function "0p,-R( r ) which 
solves the one-dimensional Laplace-Dirichlet problem on the model space 
annulus A™ R : 

(L^ =0 on^ 
(5.1) I V = on dD w p 

[ V = 1 on dD%. 

The explicit solution to the Dirichlet problem ()5.1|) is given in the fol- 
lowing Proposition, with a focus towards the corresponding expression for 
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the drifted annular capacity in the model space; see [20], and Section 
El below. 

Proposition 5.3. The solution to the Dirichlet problem h5.1\) only depends 
on r and is given explicitly - via the function A(r) introduced in Theorem 

[ r A{t)dt 

(5-2) ^(r) = fi 

>p 

The corresponding 'drifted' 2- capacity is 



L n Mt)dt 



(5.3) 



Cap L (A« fl )= / (V M iP p , R ,v)dA 

JdD™ 



Vol(dD™)A(p) f^j K(t)dt 



6. p-LAPLACIAN comparison 

Let us consider comparison constellations {N n , S m , M™} on intervals 
[0, R] for R > 0. Since the o-radial mean convexity of S has an upper 
bound 

C(x) = -(V N r(x),H s (x)) < h(r(x)), 
we obtain the following estimate using Proposition 13. 181 

(6.1) A s (f o r) > (f"(r) - f'(r) Vw (r)) \\X7 s r\\ 2 + mf\r) ( Vw (r) - h(r)) . 

In what follows we use shorthand F(x) = f'(r(x))\\V s r(x)\\ for all x G S 
to simplify the notation. To get estimates for the p-Laplacian of / o r we 
first compute 

A s p f(r(x)) = dW s (\\V s f(r(x))\r 2 V s f(r(x))) 
= ||V 5 /(r(x))|r 2 A s /(r(x)) + (V s ||V 5 /(r(x))|r 2 ,V 5 /(r(x))> 
= F p - 2 (x)A s f(r{x)) + (V s F p ~ 2 (x),f'{r(x))V s r(x)) 
= F p ' 2 (x)A s f(r{x)) 

+ {(p - 2)F p - 3 (x) (f"(r{x))\\V S r{x)\\V s r{x) + /'(r(x))V 5 ||V S r(x)||) , 
f'(r(x))V S r(x)\ 

= F p - 2 (x)((p-2)(f(r(x))\\V S r(x)\\ 2 + f\r(x ^ 
+ A s f(r(x))" 



This partial 'isolation' of the factor (p — 2) is the reason behind the general 
assumption p > 2 in this work. The factor on {p — 2) is controlled via the 
following observation, which introduces the bound A(r) into this setting: 

Lemma 6.1. Let {N n , S m , M™} be a comparison constellation on [0,R] for 
R > 0. Suppose that the o-radial component of the second fundamental form 
of S (see Dehnition VJ. 3\) has an upper bound 

B(x) < A(r(x)). 
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Then 

(V s r(x),V s \\V s r(x)\\) 
\\V s r{x)\\ 

(6.2) = Ress s (r(x))(U r ,U r ) 

= Ress N (r(x)) (U r , U r ) + (V N r(x), a x (U T , U r )) 
> Vw (r(x)) (1 - ||V s r(x)|| 2 ) - A(r(x)). 

Proof. By definition of the Hessian via the induced connection D 5 in S we 
have directly for the first equality in (|6.2j) : 

Hess 5 (r) (V 5 r, V 5 r) = (D$ Sj . V S r, V S r) 

= ^D| Sr (V 5 r,V 5 r> 



;V S r (V 5 r, V 5 r) 



so that 



Hess 5 (r (2:)) (Z7 r , U r ) 



\{V S \\V S rf,V s r) 
\W s r\\ (V^llV^rll, V S r) 



Hess 5 (r) (V s r,V s r) 

||V 5 r|| 2 
(V s r(x),V s \\V s r(x)\\) 



\\V s r(x)\\ 

The other (in) equalities in (|6.2|) follow from (|3.4j) and (|3.3j) . respectively. □ 

The following result relates the p-Laplacian of a radial function f(r) with 
its 2-drifted Laplacian, as defined in Section HO 

Lemma 6.2. Let {N n ,S m ,M™} be a comparison constellation on [0,R] for 
R > 0. Let for be a smooth real-valued function with f > 0, and suppose 
now that f(r) satisfies the following condition (to be molded shortly from the 
balance condition 

(6.3) f"(r)-f'(r) Vw (r)<0. 

Then, for all x G S, 

A*/(r(z)) > (p-l)FP- 2 (x)g 2 (r(x))L(f(r(x))), 

where L is the modified 2-Laplacian defined in Lemma \5.'A . 

Proof. By using the assumption p > 2 together with the comparison con- 
stellation assumptions ()3.2j) we obtain from ()6.1|) and (|6.2j) that 

A*(/(r(s))) 

> F^ 2 (x)(p - 2) {f"(r)\\V s (r)\\ 2 + f'(r) Hess 5 (r) (U r , U r )) 

+ F^\x) {f"(r)\\V s (r)\\ 2 - /'(r)^(r)||V 5 (r)|| 2 + mf'(r) ( Vw (r) - h(r))) 

> F?- 2 {x)(p - l)||V 5 (r)|| 2 [f"(r) - /'(r)^(r)) 

+ F p - 2 (x)f'{r) ((p - 2 + m)r) w (r) - (p-2)X(r) -mh(r)) 
= F*~\x) ((/"(r) - f'(r)rj w (r)) (p - l)||V 5 (r)|| 2 + f'(r)M(r)) . 
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Since f(r) satisfies inequality (|6.3f) . we have, via ||V s (r)|| < g(r), that: 
A?(/(r(x))) 

> FP-\x) ((/» - /'(r)r/») (p - l) 5 2 (r) + /'(r)M(r)) 
= (p - 1)^- W(r) f /"(r) - /'(r)^(r) + /'(r) 

V (p-i)r( r ) 

= (p - l)i^ 2 (*) 5 2 (r) (f(r) + /'(r) (^^y " V»(r 

= (p-l)F^ 2 (x) 5 2 (r)L(/(r)), 
as claimed in the lemma. □ 

7. First proof of Theorem 14.11 

Next we show that (|4.2[) is also a sufficient condition for p-hyperbolicity 
of S m . First we transplant the model space solutions ip P) R{r) of equation 
(j5.1j) into the extrinsic annulus A p ^r = Dr(o) \ D p (o) in S by defining 

Here the extrinsic ball D p {6) is as in Definition 13.61 and Dr(o) is that com- 
ponent of Bji(o)riS which contains D p (o). Next we extend ^ Pi r to SC\B p [p) 
by setting $ ' p> r{x) = for x G S n 5 p (o). 

Using w/(r) = rj w (r)w(r) and the balance condition (|4.1|) it is straightfor- 
ward to check that 

i> P ,il(r) - tpp iR (r)ri w (r) < 0. 

Since ?// R (r) > and Lip Pt R = in A™ R , we obtain from Lemma 16.21 
that 

A^* PjjR >0 in D R (o)\B p (o). 

Thus ^p,^ is a p-subsolution in Dr(o)\B p (o). In fact, ^i? is a p-subsolution 
in the whole extrinsic ball Dr(o) since vE'p^x) = for x 6 S H B p (o); see 
Theorem 7.25, Lemma 7.28]. Furthermore, for fixed p and fixed x £ S, 
^p,r( x ) is defined for sufficiently large R and it is decreasing as a function 
of i?, see equation (|5.2|) . Hence the limit function 

*P := Jim * Pifl 

it— >oo 

exists in S and, moreover, it is positive in S\B p (o) by (|4,2[) . By Theorem 
3.75], is a p-subsolution in 5. Hence 1 — ^f p is a non-negative, non- 
constant p-supersolution in S*, and therefore £ is p-hyperbolic. This proves 
Theorem 14.11 

8. Proof of Corollaries 

Proof of Corollary 14. 2L The balance condition (|4,1|) is clearly satisfied by 
(|4.3j) . Thus we only need to check the p-hyperbolicity condition (|4.2|) . Since 
g(r) < 1, we have 

M(r) 



(p-l) 5 2 (r) >(1+C) 
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for some positive constant c by (|4.3|) . Hence 

A(r) < Slnh ^ r) exp (- j\l + c)^=5cft 
and therefore it is straightforward to check that 



lim / A(t) dt < oo, 



which concludes the proof. □ 

Proof of Corollary 14.31 The assumptions amount to g(r) = 1, /i(r) = 0, 
and A(r) = and the only 'free' function is w(r). In this intrinsic setting 
we therefore have 

M (r) = (m + p - 2)^ (r) , 
so that with g(r) = 1 we get 

M(t) dt _rn+ e= 2 f T ' w'{t)dt 



(p-l)g 2 (t) p - x Jo w(t) 



m+p-2 , W{r) 

p- 1 g w ( P y 



and hence 



A(r) = «; (r) exp ^- m ^ 1 2 log 



to (r) 
to(p) 



= w(r) p- 1 w(p) p- 1 

m— 1 

= w(r) p- 1 c(p), 

where c(p) is a constant depending on the fixed inner radius of the annuli 
used in the proof of the p-hyperbolicity. Then A(r) has bounded integral 
precisely if 

lim / dt < 00, 

as claimed. □ 



9. p-CAPACITY BOUNDS 

In this section we give lower bounds on the p-capacity of closed (compact) 
extrinsic balls relative to S m . Let G C S m be a precompact open set such 
that D p (o) C G. We recall from the introduction that the p-capacity of 
D p {6) relative to G is defined by 



CapJDJo),G) = inf f \\V s v\\ p dp, 
v Jg 



where the infimum is taken over all real- valued functions v G Cq°(G), with 
v > 1 in Dp(o). If dG is regular for the Dirichlet problem for p-harmonic 
functions, then there exists a unique function u £ C(G) which is p-harmonic 
in G \ D p {o) such that u = in D p (o), u = 1 in dG, and that 



Cap p (D p (o),G) = [ ||V 5 n|| p ^. 
Jg 
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We refer to [3 Chapter 6] for the boundary regularity. For our purposes it 
is enough to know that every open set can be exhausted by open sets with 
regular boundaries. 

Since u is p-harmonic in G \ D p (o), we have 

(9.1) C a p p (D p (o),G) = [ (\\V s u\r 2 V s u,V s V )dfi 

Jg 

for every function tp G W 1,P {G) which is continuous in G with values ip = 
in Dp{o) and (f = 1 in dG. In particular, (|9.1f) holds for all < t < s < 1 
with the function 



tp(x) 



'rfu(x)<t 



_ , if t < u{x) < s 



u(x)—t 
s-t 

1 if u(x) > s. 

Applying the co-area formula (US], 01 3.2.12, 3.2.46], US]) we obtain 



CapJDJo),G) = — I" \ [ W^uY^dH 71 "- 1 ) dr. 

S-tJ t yj u -l(r) J 

Letting s-»twe finally get 

(9.2) CapJD p (o),G)= f || V^f" 1 dH™' 1 

Ju- l (t) 

for a.e. t G [0, 1]. We will use the equation (|9.2|) to get lower bounds on 
the p-capacity Cap p (D p (o), -Dr(o)) in terms of the corresponding drifted 2- 
capacity in the model space. 

Our main comparison estimate for the p-capacity now reads as follows: 

Theorem 9.1. Let {N n ,S m ,M™} denote a comparison constellation on 
[0,R], R> p, in the sense of Definition \H. 61 Then 



(9.3) c^(b M ,n R( o)) > (^m^f '/^ll^ir 1 ^ 1 

Proof. Let G C Dr(o) be a precompact open set with regular boundary 
such that D p (o) C G. Let u G C(G) be p-harmonic in G \ D p {o) with u = 
in D p (o) and it = 1 in <9G. Furthermore, let be the p-subsolution in 
Dr(o) defined in Section [7J By the comparison principle, 

u(x) > V p> r(x) 

for all x G -Dr(o). Since V 5 u is Holder-continuous up to the boundary 
dD p (o) by ^H] and u(x) = ^ Pj r(x) = for all x G D p (o), we obtain 

(9.4) ||V 5 u(:e)|| > ||V s tf p , fl (s)|| 
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for all x G dD p {o). Combining (|9.2[) and (|9.4|) . we arrive at 
Ca Pj ,(5»,G)> / llV^^ir 1 ^- 1 

= «fl(p)r 1 / nv^ir 1 ^- 1 
V voi(9D~) ; j SDp 

The desired estimate (|9.3j) now follows since 

Cap p (i)p(o),L> j R(o)) = inf Cap p ( J D p (o),G), 

where 67 C Dr{6) is a precompact open set with regular boundary. □ 

9.1. Second Proof of Theorem 14.11 Using the explicit capacity compar- 
ison obtained in Theorem 19. II we finally observe the following direct proof 
of the main theorem. 

Let {N n ,S m ,M™} denote a comparison constellation on [0,oo] in the 
sense of Definition 13.61 By assumption D p (o) is precompact with a smooth 
boundary and thence, in equation (|9.3|) we have 

/ llV^rf- 1 ^ 771 " 1 > 0. 
JdD p 

From ()5.3|) and the assumption ()4.2j) we also have 

lim C aPL (A£ fl ) > 0, 

so that Theorem 19. II implies: 

C a p p (D p (o),S m ) = lm^C aPp (D p (o),D R (o)) > 0. 

Thus D p {o) is a compact subset with positive p-capacity in S m , and p- 
hyperbolicity of that submanifold follows again. 
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